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A B  S T R A C T 
 

In rigid pavement analysis, along with domination of finite element method, the analytical approach with close form 

solutions is still very valuable for development of new methodologies, served as basis for practical calculation. 

Among multiple approaches, the state space method and refined plate theory are relevant for slab and foundation 

interaction analysis. In this paper, the dynamic response of rectangular reinforced concrete plates on an elastic 

foundation is developed based on state space method. The system of differential equations of plate vibration is 

developed using Hamilton's principle. The displacements are represented through a double trigonometric series 

for the simply-supported rectangular plate. The state space method is used to find the plate vibrational responses. 

A numerical example is used to investigate the displacement at the center of the plate according to different 

structural conditions of foundation and applied load, thus evaluating the influence of these parameters on 

displacement.
 

 
1. Introduction 

 
In transportation infrastructure construction, 

Portland cement concrete (PCC) pavement is commonly 
applied in reality for adverse performance and weather 
conditions due to its advanced properties of high 
stiffness, water stability, thermal stability, high abrasive 
resistance, and long-life service. PCC pavement is 
commonly used for heavy loading and/or high traffic 
density highway routes. For airports, rigid or PCC 
pavement is also an appropriate alternative for airfield 
construction components of runway, taxiway, apron, 
etc, which serve to increase wheel load of the new 
generation of civil aircraft. Therefore, PCC has been 
dominated by the type of pavement applied for 
construction. 

The typical rigid pavement structures comprise of 
PCC slab placing on base/subbase layers of bound 
and/or unbound granular, usually called foundation, 
and subgrade soil. Although these are separate 
components with different properties, the slab and 
foundation works together as a unified system. 
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In structural construction, the dynamics of beam, 

plate have been studied for decades. In order to describe 
the performance of pavement systems, various 
foundation models have been proposed. The simplest 
model is the Winkler model for elastic foundations, 
springs of constant stiffness. Pasternak [1] proposed a 
new model by considering shear interactions between 
the plate and the background. In addition, more efficient 
foundation models have been proposed, for example, 
the improved Pasternak Model [2] for reinforced soils. 
With the analytic or semi-analytic approach, the Navier 
solution is used for the simple linked rectangular plate 
[3], [4], and for the circular plate, the Ritz method [5], 
the functional method can be used. Green [6]. T. D. Hien 
[7] calculated the plate on an irregular elastic 
foundation by the Ritz method. Some domestic studies 
on plates in general and plate dynamics, such as Trung 
et al., have developed a 3-node smooth finite element 
method for the problem of composite panels [8] and 
Mindlin plates [9] on the viscous foundation subjected 
to moving loads.1 
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  Nguyen Van Loi and Tran Minh Tu [10] calculated the 

specific vibration of layered composite panels according to 
the theory of high-order shear strain with eight 
displacement unknowns. Nguyen Tri Dung and Dang Sy 
Lam [11] calculated the variable mechanical properties of 
composite panels by the 9-node finite element method. T. 
D. Hien [12] calculated the vibrations of functionally 
graded plates resting on elastic foundations using the state 
space method. 

  In the world, there are also some authors interested in 
the calculation of cement concrete pavement slabs. Cai Jing 
et al. [13] calculated the vibration of the concrete 
pavement of the cement concrete pavement on the 
viscoelastic foundation by analytical method. Taheri et al. 
[14] calculated a cementitious concrete slab on a 
viscoelastic foundation subjected to the mobile live load of 
an aircraft by the finite element method. Xiao Tian et al. 
[15] using ANSYS software analyzed plates on elastic 
foundations with different speeds of vehicle dynamics. 
Shimpi and Patel [16] used the refined plate theory to 
analyze orthotropic plates. D. T. Thuy et al. [17]  derived 
the analytical solution for the dynamics of functionally 
graded plate laying on viscoelastic foundation 

  Among multiple approaches for rigid pavement 
calculation and design, along with numerical methods 
represented with well-known finite element methods, the 
analytical methods with close-form solution are still 
valuable and attract more and more scholars. These are 
solid background for new structural computation 
methodologies, which enable to diversify alternatives for 
practical calculations. The article performs the vibration of 
reinforced concrete plates on elastic foundations by state 
space method, a variation based on the studies of T. D. Hien. 
[12] and D. T. Thuy et al. [17]. The displacement of the plate 
is represented through a double trigonometric series as the 
basis for finding the vibrational response by analytic 
solution for a single quasi-rectangular plate.  
 
2. Material and Methods 

 
a. Differential equation of vibration of reinforced concrete 

plate 
Model of reinforced concrete slab dimension a x b x 

h laying on elastic foundation is described in Figure 1. 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

 

 
Fig. 1. Plate model on elastic foundation. 

 
When the plate is subjected to load, concrete cracks 

will reduce the stiffness of the slab. The reinforcement 
having high strength will prevent cracks in the concrete.  
In this study, it is assumed that the displacement and 
deformation of plate is continuous. The reinforced 
concrete plate is also assumed to be a homogeneous 

plate with the elastic modulus cE
of cement concrete. 

The elastic foundation is assumed to be a Winkler 

foundation with the stiffness of the foundation nK
. 

Applying the Shimpi's high-order shear strain 
assumption [16], the displacement components at 
coordinates (x, y, z) of the plate are presented in Eq. (1) 
as follows: 
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Where 
 ,b sw w

is the displacement components at 
the middle plane of the plate. The equation of the 
deformation is found by derivating the system of Eq. 
(1) and presented in Eq. (2) as follows: 
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Where: 
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(4) 

 
Apply Hamilton's principle, the vibration 

equations of the plate are presented as follows: 
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b. Vibration of plates using state-space method 
Apply Navier approach to derive the closed-form 

solutions of displacement function into double 
trigonometric series. The sinusoidal function 
satisfying all the boundary conditions can be 
presented as follows: 
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Substitute the system of equations Eq. (7) into the 

equation Eq. (5), the system of equations for the plate 
vibration is represented as follows: 
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Where the terms mnF  that are the loading vector, 
which can be presented as follows: 
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For uniform and sinusoidal distributed loads: 
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Substituting Eq. (11) into Eq. (10), we have: 
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Consider the three common cases of the loading 

function 
 F t

 by time, we can get the loading vectors 
as follows: 

 
Step load: when time t in the range of [0, t1], the 

value of loading vector is 1 or maximum magnitude of 
loading vector. From the time t greater than t1, the 
loading vector will be suddenly turn to zero. 
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Triangular load: the mechanism of applying load 
will be linearly increased from 0 to 1 or maximum 
magnitude of loading vector. From the time t greater 
than t1, the loading vector will be suddenly turn to 
zero. 
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Sinusoid load: when time t in the range of [0, t1], 

the value of loading vector will be follow the sinusoid 
period 1 or maximum magnitude of loading vector. 
From the time t greater than t1, the loading vector will 
be suddenly turn to zero. 
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The plate vibration presented in equation Eq. (9) can 
be rewritten as follows: 
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with components 
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The matrix A are rewritten as in Eq. (19) as follows: 
 
 

1

0

0

I


 
  

 
A

M S
 

(19) 
 

Solution of the system of differential equations of 
slab vibration presented in Eq. (19) as following: 
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The initial displacement vector 
 0tZ

, and the 

exponential matrix 
 0t t

e
A

 are formed from the 
eigenvalues and eigenvectors of the matrix A. 

 
c. Application example 

In order to check the computation of the proposed 
method, and to investigate the influence of foundation 
stiffness on plate vibrations, an example with numerical 
was conducted with a real numerical data set. 

 
 
 
 
 

 
The assumptions for computation is that a 

rectangular reinforced concrete slab with dimensions of 
length a, width b and thickness h.; the ratio width over 
thickness was set of a/h = 20 to ensure the assumption 
of thin plate. The main physical mechanical properties 

of elastic modulus ( cE ), specific density ( c ) and 

deformation Poisson’s ratio ( ) of PCC slab was set as 
common PCC and summaried in Table 1. 

 
Table 1 
Parameters of reinforced concrete slab. 
Parameters Denote Value Remark 

Slab dimensions a x b 3m x 4m 
Rectan
gle 

Concrete modulus cE  28 GPa  

Density c  2,400 kg/m3  
Poisson's ratio   0.3  

 
For convenience, the equivalent stiffness of 

foundation is rewritten as in Eq. (20): 
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In that the flexural rigidity of slab was presented in 
Eq. (21): 
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In this calculation example, the foundation stiffness 

( wk
) and the maximum uniform load (q) applied on the 

slab surface were presented in Table 2. 
 

Table 2 
Parameters of foundation rigidity and loading vector. 
Parameters Denote Value Remark 

Foundation stiffness wk
 0; 1000  

Max. uniform load q 105 N/m2  
 

The applied load for computation is uniform load, 
which will assumped to be be distributed equally on the 
plate surface. The magnitude of load will be varying by 
time according to applying rules of step, sinusoidal and 
triangular. 

 
3. Result and Discussion 

 
The results from the calculation example with input 

data set of concrete slab, foundation and applied load 
are represented in the graphs shown in Figure 2-4. 

 



N Trong Hiep 
Civil and Environmental Science Journal 

Vol. 06, No. 01, pp. 084-089, 2023 

 
 

88 

 

  
 

 
 

Fig. 2. The transient displacement at center of concrete 
slab due to step load. 

 
The Figure 2 represent the vibration of the slab 

under the impact of step load applied on the slab 
surface. The amplitude of displace under the forced 
vibration is smaller than that of free vỉbration. In the 
forced vibration, the displacements have positive 
values, while under free vibrations having positive and 
negative displacements. Fof the influence of foundation 
stiffness, when the stiffness increases, the displacement 
of plate reduce significantly. 
 

 
 

Fig. 3. The transient displacement at center of plate due 
to sinusoidal load. 

 
The Figure 3 presents the transient displacement at 

center of plate under impact of sinusoidal load.  In the 
forced vibration phase, the magnitude of plate 
displacements is significantly different between the two 
foundation stiffness values.  

When changing to free vibration phase, the 
displacements are minor for both kw = 0 and kw = 1000, 
and the magnitude differences are also very minor. 
However, the vibration frequencies with kw = 0 is 
denser than that with kw = 1000.  
 

 

 
Fig. 4. The transient displacement at center of plate due 

to triangular load. 
 

For the case that plate under triangular load, in the 
forced vibration phase, the displacements start at 0, and 
then steadily changing to state where the displacements 
having both values positive and negative in the next 
loading cycles. In free vibration phase, the 
displacements of the plate are uniformly vibrating 
around the 0 point. 

 
4. Conclusions and Recommendations 

 
The paper uses the state space method to calculate 

the forced and free vibrations for reinforced concrete 
plates on an elastic foundation. Vibration response of 
reinforced concrete plate using analytical method with 
displacement representation is a double trigonometric 
series according to Navier's approach. Dynamic 
responses are calculated for both forced and free 
vibration phases.  

In order to validate the proposed method, a 
numerical example with assummed parameters 
represent for PCC material of plate. The foundation 
stiffness is also set at 0 and 1000 for investigation. The 
displacement at the center of the plate is investigate 
with uniform distributed load changing by time 
according to step, sinusoidal and triangular rules. The 
computation results outputed from the proposed 
method are evidently appropriate with structural 
common senses that the more stiffness of foundation, 
the less concrete displacement. It demonstrates the 
significantl influence of the foundation stiffness on the 
displacement of the plate. 

In overall, the study presents a new approach for 
computation of structural plate on elastic foundation. 
This work has important meaning for calculation of 
structural engineering, and the results can be used in 
structural design of airport rigid pavement. 

 



N Trong Hiep 
Civil and Environmental Science Journal 

Vol. 06, No. 01, pp. 084-089, 2023 

 
 

89 

 

References 
 
[1]  P. L. Pasternak, “On a new method of analysis of an elastic 

reinforced soil,” Math. Comput. Model., vol. 12, no. 12, 1989, doi: 
10.1016/0895-7177(89)90327-0 

[2]  M. R. Madhav and H. B. Poorooshasb, “Modified pasternak model 
for foundation by means of two foundation constants,” 
Cosudarstrennoe Izd. Lit. po Stroit. i Arkhitekture, Moscow, USSR, 
1954, Doi: 10.15625/0866-7136/36/1/2974. 

[3]  A. A. Khdeir and J. N. Reddy, “Exact solutions for the transient 
response of symmetric cross-ply laminates using a higher-order 
plate theory,” Compos. Sci. Technol., vol. 34, no. 3, 1989, doi: 
10.1016/0266-3538(89)90029-8. 

[4]  H. S. Shen, J. J. Zheng, and X. L. Huang, “Dynamic response of shear 
deformable laminated plates under thermomechanical loading and 
resting on elastic foundatios,” Compos. Struct., vol. 60, no. 1, 2003, 
doi: 10.1016/S0263-8223(02)00295-7. 

[5] U. S. Gupta and A. H. Ansari, “Forced axi-symmetric response of 
polar orthotropic linearly tapered circular plates,” J. Sound Vib., 
vol. 236, no. 4, 2000, doi: 10.1006/jsvi.2000.2976 

[6]  R. S. Weiner, “Transient Motion of Circular Elastic Plates Subjected 
to Impulsive and Moving Loads,” Bell Syst. Tech. J., vol. 44, no. 10, 
1965, doi: 10.1002/j.1538-7305.1965.tb04152.x. 

[7] T. D. Hien and B. T. Quang, “Analysis of isotropic rectangular plate 
resting on non-uniform elastic foundation using Ritz approach,” in 
Materials Today: Proceedings, 2019, vol. 19, doi: 
10.1016/j.matpr.2019.06.631. 

[8] P. Phung-Van, T. Nguyen-Thoi, H. Luong-Van, C. Thai-Hoang, and H. 
Nguyen-Xuan, “A cell-based smoothed discrete shear gap method 
(CS-FEM-DSG3) using layerwise deformation theory for dynamic 
response of composite plates resting on viscoelastic foundation,” 
Comput. Methods Appl. Mech. Eng., vol. 272, 2014, doi: 
10.1016/j.cma.2014.01.009. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

[9] N. T. Trung, P. Van Phuc, T. V. Anh, and N. T. Chan, “Dynamic analysis 
of Mindlin plates on viscoelastic foundations under a moving vehicle 
by CS-MIN3 based on C0-type higher-order shear deformation 
theory,” Vietnam J. Mech., vol. 36, no. 1, 2014, doi: 10.15625/0866-
7136/36/1/2974. 

[10]   T. A. Tuan, T. M. Tu, T. H. Quoc, and N. Van Loi, “Vibration Analysis Of 
Cross-Ply Laminated Composite Doubly Curved Shallow Shell Panels 
With Stiffeners,” J. Sci. Technol., vol. 55, no. 3, 2017, doi: 
10.15625/2525-2518/55/3/8823. 

[11] N. T. Dung and D. S. Lam, Calculation of plate structures made of 
materials with variable mechanical properties fgm taking into 
account the effect of temperature by finite element method. Science 
and Technology of Construction, 2014. 

[12] H. D. Ta and H. C. Noh, “Analytical solution for the dynamic response 
of functionally graded rectangular plates resting on elastic 
foundation using a refined plate theory,” Appl. Math. Model., vol. 39, 
no. 20, 2015, doi: 10.1016/j.apm.2015.01.062. 

[13] J. Cai, L. N. Y. Wong, and H. W. Yan, “Dynamic response of airport 
concrete pavement to impact loading,” in Advanced Materials 
Research, 2012, vol. 594–597, doi: 
10.4028/www.scientific.net/AMR.594-597.1395. 

[14] M. R. Taheri, M. M. Zaman, and A. Alvappillai, “Dynamic response of 
concrete pavements to moving aircraft,” Appl. Math. Model., vol. 14, 
no. 11, 1990, doi: 10.1016/0307-904X(90)90106-F. 

[15] T. Xiao, J. Sun, X. Wang, and Z. Chen, “Dynamic Response Analysis of 
Cement Concrete Pavement under Different Vehicle Speeds,” 2011, 
doi: 10.1061/47623(402)1. 

[16] R. P. Shimpi and H. G. Patel, “A two variable refined plate theory for 
orthotropic plate analysis,” Int. J. Solids Struct., vol. 43, no. 22–23, 
2006, doi: 10.1016/j.ijsolstr.2006.02.007. 

[17] D. T. Thuy, L. Nguyen Ngoc, D. N. Tien, and H. Van Thanh, “An 
Analytical Solution for the Dynamics of a Functionally Graded Plate 
resting on Viscoelastic Foundation,” Eng. Technol. Appl. Sci. Res., vol. 
13, no. 1, 2023, doi: 10.48084/etasr.5420. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

  
 

 

 
 


